ABSTRACT. We establish equivalences between compacta that admit a sequence of retractions that converge uniformly to the identity map and compacta that are inverse limits on subcompacta with retractions for bonding maps. We give partial answers to questions of Charatonik and Prajs, and of Krasinkiewicz. Our results are related to and use results from another paper of the authors [11].
of copies of a subsequence {X n k } of {X n } as factor spaces, and retractions, "nearly congruent" to the restrictions of the r n k 's, as bonding maps.
To better understand the motivation for this study, notice that many important examples in topology and continuum theory are, or can be represented as, inverse limits of some simple spaces with retractions as bonding maps. For instance, inverse limits of arcs with open bonding maps, also called Knaster continua, are inverse limits of arcs with open r-maps as bonding maps. From our results in Section 2 it follows that Knaster continua have internal inverse limit structures of arcs with open retractions for bonding maps. Moreover, replacing arcs with trees, this result can be generalized to a similar one for all inverse limits of trees with open bonding maps, which is a much larger class of spaces still having very regular properties. One of these properties is that all the members of this class are absolute retracts for tree-like continua [4] . Having retractions as bonding maps creates a special form of convergence of the factor spaces to the inverse limit space. This convergence was used in the construction of the following examples of Bellamy.
(i) A planar dendroid M with a connected set of endpoints E, where only endpoints are accessible from R 2 − M , and no single point of E separates E but each pair of points of E does separate E [1].
(ii) A Hausdorff indecomposable continuum with exactly one composant and a Hausdorff indecomposable continuum with exactly two composants [2].
Our results are related to a recent study by Mańka [9, Theorem 1.1], in which he has shown that locally connected curves admit ϵ-retractions onto graphs. Additionally, Mańka states [9, page 650] that he has proved, in a paper presently in preparation, that these graphs can be chosen to form a nested increasing sequence. Assuming this last result, it follows from our Corollary 2.3 that each locally connected curve admits an internal inverse limit structure on graphs with retractions for bonding maps. This provides a partial answer to a question of Krasinkiewicz (see [9, pages 650, 651]).
A compactum is a compact metric space. A continuum is a connected compactum. A mapping (or map) is a continuous function. If A is a closed subset of X, a surjective mapping f : X → A is a retraction if 
If A n is a sequence of non-empty subsets of X converging with respect to the Hausdorff distance, then Lim A n denotes the Hausdorff limit of the A n 's. Let {X n } be a sequence of closed sets in a metric space (X, d) and {f n : X n+1 → X n } a sequence of maps. We say the inverse sequence {X n , f n } converges in X provided that:
{X n , f n } to X, and (iii) the projections π n : lim
If, additionally, f is an embedding, we say that {X n , f n } converges exactly in X.
If {X n , f n } converges exactly in X and f (lim
is, f is a homeomorphism onto the entire space X, we call {X n , f n } an internal inverse limit structure on X. Identifying lim
by f , in this case, we have the projection maps in (iii) converging to the identity map on X.
We note that this terminology is slightly different from that used in [13] . What we call here an exactly convergent inverse sequence in [13] was referred to as a convergent inverse sequence.
Let X be a space and A a non-empty subspace of X. For any map
Let K be a class of compacta. We say that X is internally K-like if, for each ϵ > 0, there is a K ∈ K with K ⊂ X, and a map f :
We say that X is internally K-representable if X has an internal inverse limit structure with factor spaces in K. We investigated these ideas in our previous paper [11] . If X is internally K-like and, additionally, the mappings f are retractions, we say that X is retractably K-like. If X is internally K-representable and the bonding maps are retractions, we say that X is retractably K-representable.
A collection S of convergent sequences in a space X is called uniformly convergent provided, for every ϵ > 0, there is an N such that d(s m , lim n→∞ s n ) < ϵ for each m > N and {s n } ∈ S. In a similar way, we define uniformly Cauchy collections of sequences. Clearly, in a complete metric space, a collection of sequences is uniformly convergent if and only if it is uniformly Cauchy. 
Given a compact space X and a collection of maps {f α :
X , α ∈ Γ}, Theorem 1.4 below provides a general condition under which X admits an internal inverse limit structure. Proofs of this theorem and the subsequent two corollaries can be found in 
Corollary 1.5. Let X be a compactum. Each sequence of maps {f n : X → X} converging uniformly to the identity map on X has a subsequence
} is an internal inverse limit structure on X.
Corollary 1.6. Let K be any class of compacta and X any compactum. The compactum X is internally K-like if and only if X is internally
K- representable.
r-maps, retractions, and internal inverse limit structures.
We begin with a theorem for which special versions have been noted by others, typically with comments about a proof. : X n+1 → X n such that:
} is an internal inverse limit structure on X, and (iii) identifying X with its internal inverse limit structure, the projection mappings r n : X → X n are retractions satisfying r n • r m = r n for all n < m.
and note that h n (p) is a thread in X, and h n : X n → X is an embedding. Moreover, for q = g n (p), we note
By this last commutativity, the one-to-one maps h n define an equivalence between the inverse systems {X n , r
is a retraction for each n ≥ 1.
}, where h is the equivalence established above. For each n ≥ 1, by definition,
Thus, identifying X with lim
} by the equivalence homeomorphism h, the projection on the nth-coordinate, which we denote by r n , leaves the first n coordinates invariant. Therefore, these projections converge uniformly to the identity. It is also clear that lim x n = x. If x ∈ X n , there is a p ∈ X n such that
.).
Since the nth-coordinate of x is p, for h(x) = (x 1 , x 2 , . . .), the nthcoordinate, x n , is h n (p) = x. Hence, the projections r n are retractions, and it is clear that r n • r m = r n for all n < m. The proof is complete. Theorem 2.2. Let X be a compactum, and let {f n : X → X} be a sequence of retractions converging uniformly to the identity map on X. Suppose also that:
Then the inverse sequence {f n (X), f n | fn+1(X) } is an internal inverse limit structure on X.
Proof. Note that the right-side equality in (ii) is immediate for a nested sequence {f n (X)}. So, the left-side equality is the essential assumption. We begin with an observation that is straightforward to verify. Namely,
For n ≥ 1, let X n = f n (X), and let f
So, by assumption (ii) and the observation above,
Let ( x 1 , x 2 , . . .) ∈ M . From above, we have that, for n < m,
Since {f n : X → X} converges uniformly to the identity map on X, given ϵ > 0, for large N and m > n > N , we have that
Thus, {x n } is a Cauchy sequence and, hence, lim x n exists. Let x = lim x n . For fixed n, it follows from the displayed equation above that the sequence {f n (x m )} m>n is the constant sequence {x n }. So, lim f n (x m ) = f n (x), that is, f n (x) = x n .
So if, for points (x 1 , x 2 , . . .) ∈ M and (y 1 , y 2 , . . .) ∈ M , we have that x = lim x n = lim y n = y, it follows that, for n ≥ 1, x n = f n (x) = f n (y) = y n , that is, the assignment (x 1 , x 2 , . . .) → lim x n is one-to-one.
For ϵ > 0, let N be large enough so that, for n > N , d(f n , id) < ϵ. Then, for (x 1 , x 2 , . . .) ∈ M and x = lim x i , we have that, for n > N , d(x n , lim x i ) = d(f n (x), x) < ϵ, that is, the threads of M form a uniformly convergent collection of sequences in X. It follows from Propositions 1.1, 1.2 and 1.3 that {X n , f n+1 n } is an internal inverse limit structure on X.
We end this section with the result discussed in Case 2 of the introduction, the case in which the images under the retractions are nested but the retractions do not have to commute. Theorem 2.3. Let X be a compactum, and let {f n : X → X} be a sequence of retractions converging uniformly to the identity map on X. Suppose also that, for each n ≥ 1, f n (X) ⊂ f n+1 (X). Then there are a subsequence {Y n k } of {f n (X)} and retractions g k : Y n k+1 → Y n k such that the inverse sequence {Y n k , g k } is an internal inverse limit structure on X.
Proof. This result is a consequence of Corollary 1.5. Indeed, let X n = f n (X) and g k = f n k be the subsequence guaranteed by Corollary 1.5. We note that, since the sequence {X n } is nested, the restrictions g k |X n k+1 are retractions. Thus, the inverse system {g k (X), g k | X n k+1 } guaranteed by Corollary 1.5 is a desired internal inverse limit structure on X.
Retractably K-like and retractably K-representable compacta.
In this section, we investigate compacta with near-identity retractions to subspaces belonging to some restricted classes of spaces. We begin with the following result, which is a corollary to Theorem 2.3 from the previous section. In the remainder of the paper, we show that the nested assumption in Corollary 3.1 can be removed for the class of graphs that have order at most three. This is Case 3 as discussed in the introduction. It is known that each graph-like continuum can be represented as an inverse limit on graphs with order at most three.
In the proof of the next result we use the notation ab for an arc from a to b. It may be helpful to draw pictures while reading the proof. Proof. Let G be a graph of order at most three in a space X, and let E be a finite collection of arcs in G such that ∪ E = G, and each two different members of E either are disjoint, or have a common end point as their intersection. Thus, E is the collection of edges of a simplicial complex on G.
Given ϵ > 0, let n be an even positive integer such that each E ∈ E can be divided by n non-end points into n+1 arcs each having diameter less than ϵ/6. Fix such a set of division points for each E ∈ E. We group the resulting division arcs into two categories. Namely, suppose a and b are the end points of an E ∈ E, and p 1 , . . . , p n are the division points of E listed in the ordering from a to b. We call the arcs ap 1 Let A and B be the collections of all category A and category B arcs, respectively, for all E ∈ E. Thus, each two different members of B are disjoint. Two different members of A are either disjoint, or they may intersect at a common end point, if they are end division arcs of adjacent edges in E. At most three different members of A may meet at a point because G has order three, and each of them is disjoint from any other member of A. If two or three members of A meet, we call them a cluster of A. If A ∈ A contains an end point of G, we call it an end member of A, and, if A ∈ A neither contains an end point of G nor is a member of a cluster, we call it a regular member of A. f (A 1 ) and f (A 2 ). Fix a point 
We will extend this last notation to define the desired embedding h.
If A is an end member of A, with an end point q ∈ A of G, there is exactly one member B of B intersecting A. The arc B contains a unique irreducible arc B * connecting f (p B ) with f (A). The continuum B * ∪ f (A), being the union of two locally connected continua, is locally connected. Thus, it contains an arc L(A) from f (p B ) to f (q). We fix a homeomorphism from the arc p B q in G to L(A) that sends p B to f (p B ) and q to f (q), and we denote by h(x) the image of any 
, and we denote by h(x) the image of any x ∈ p B1 p B2 under this homeomorphism. If
The case of a regular member A of A is similar to the case of a cluster of two members of A but simpler. The role of A 1 ∪ A 2 from the previous case is played by A. Again, we have members B 1 and B 2 of B on both sides of A. The definition of h on the arc p B1 p B2 is almost identical as in the previous case, and so is an estimation of the supremum of d (x, h(x) ). We leave the details to the reader. 
is also locally connected. Thus, it contains an irreducible arc L connecting f (p B3 ) with K. The junction point with K may be neither
and p B3 as its end points. We fix a homeomorphism from T 0 to T that sends
Combining together this construction for all members and clusters of
Below, we apply this theorem to the study of internal inverse limits. However, this result seems to be of interest in its own right. What other spaces may have the property concluded in the above theorem? First, notice that G cannot be a graph having order greater than or equal 4. Indeed, a 4-od in the plane admits, for each ϵ > 0, a map onto a graph homeomorphic to the letter H such that each point is moved to the ϵ-neighborhood of itself. Obviously, this last graph contains no 4-od, and thus the conclusion of the theorem does not hold for a 4-od. Consider the product X = X × {0, 
